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Abstract. — In this paper we investigate the dispersive properties of the solutions of the 
two dimensional water-waves system. First we prove Strichartz type estimates with loss of 
derivatives at the same low level of regularity we were able to construct the solutions in [2] . 
On the other hand, for smoother initial data, we prove that the solutions enjoy the optimal 
Strichartz estimates (i.e, without loss of regularity compared to the system linearized at 
iv = 0,^ = 0))- 



1. Introduction 

In a time-dependent domain Qt C R'^"'"^ which is located between a free hypersurface 
St and a fixed known bottom F, consider a potential flow v = '^x,y<Pi with 

^x,y4' = in fit, dn(f> = on r. 

The surface-tension water-waves problem is given by two equations: a kinematic condition 
(which states that the free surface moves with the fluid), and a dynamic condition (that 
expresses a balance of forces across the free surface). The system reads 

{dt-q = dy(j) -Vri-V(j) on St = {y = r/(t, x)}, 

1 2 
dtfp + 2 +gr} = H{rj) on St, 

where V = V^, > is the acceleration of gravity and 

Vt] \ 



H{ri) = div 
is the mean curvature of the free surface. 



a/1 + {dxV) 
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1.1. Assumptions. — We work in a fluid domain such that there is uniformly a mini- 
mum depth of water, more precisely we assume that for each time t one has 

Ut = ni^t n O2 

where Qi^t is the half space located below the free surface S*, 

^^M = e X R : y < r?(t,x)} {d > 1) 

for some unknown function 7] and contains a fixed strip around that means that 
there exists h> such that, 

(1.2) {{x, y) G R'^ X R : r]{t, x) - h < y < r]{t, x)} C ^2, 

for all t G [0, T]. We shall also assume that the domain (and hence the domain 
Q,t = fii,t n O2) is connected. 

We emphasize that no regularity assumption is made on the bottom T = dQt \ '^t- 
We consider both cases of infinite depth and bounded depth bottoms (and all cases in- 
between). Finally, we could consider the cases where the free surface is a graph over a 
given smooth hypersurface and the bottom is time dependent. 

1.2. Main results. — Following Zakharov we reduce the system to a system on the 
free surface. If ^ = tp{t, x) G R is defined by 

ip{t,x) = 4>{t,x,r]{t,x)), 

then (/>(t, X, y) is the unique variational solution of 

(1.3) A(/) = inJ^t, <)){t,x,-q{t,x)) =il;{t,x). 
The Diriclilct-Ncumann operator is then defined by 



(G(ry)V)(i,a;) = V^TWn? dn(t>\y=r,it,x) = dy<P -Vr]-Vcf> 



y=ri{t,x) 



(we refer to Section 2 in [2] for a precise construction). 

Then (77, ^) is solution of the water-waves system (1.1) if and only if (77, if)) solves the 
system 

(1.4) 



f dtT] - Giv)^ = 0, 



Concerning the Cauchy theory, there are many results starting from the pionneering work 
of K. Beyer and M. Giinther [10]. See S.Wu [24], D. M. Ambrose and N. Masmoudi [7], 
B. Schweiser [21], T. Iguchi [17], D. Coutand and S. Shkoller [15], J. Shatah and C. Zeng 
[22], M. Ming and Z. Zhang [19], F. Rousset and N. Tzvetkov [20]. In [2], we established 
new local well posedness results for the system (1.4) under sharp (as long as no dispersive 
effects are taken into account) regularity assumptions on the initial data. We refer to the 
introduction of [2] for references and a short historical survey of the background of these 
problems. 
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The purpose of this work is precisely, in the case d = 1, to investigate the dispersive 
properties of these solutions. Our results are twofold: first we prove Strichartz type 
estimates with loss of derivatives at the very same level of regularity we were able to 
construct the solutions in [2]. On the other hand, for smoother initial data, we prove 
that the solutions enjoy the optimal Strichartz estimates (i.e, without loss of regularity 
compared to the system linearized at (77 = 0, V' = 0)). More precisely, our main results are 
the following. 

Theorem 1.1. — Let s > 5/2 and T > 0. Consider a solution (??,V') of (1.4) on the 
time interval I = [0,T] such that Qt satisfies (1.2) for t E I. If 

{r],il^) G C°(/,ii"^+5(R) X i?"(R)), 

then 

{r),i^) G L\I,W'+-*'^(R) X W^-i°°(R)). 

Theorem 1.2. — Let s > 11/2, T > andp,q,a be such that 

2 1 1 „ 

- + - = 7:, 2<q< +00. 

p q 2 

Consider a solution {rj,^) of (1.4) on the time interval I = [0,T] such that 0,t satis- 
fies (1.2) for tel. If 

(r?,V)GCO(/,i/^+i(R)xi/^(R)), 

then 

(r?,V) G Lf(j,Ty'+5+^'9(R) X T^'-5+i'«(R)). 

Remark 1.3. — (i) Theorem 1.1 was obtained recently under the assumption s > 15 
by Christianson-Hur-Staffilani [14] . 

{ii) Let s > 5/2 and (rycV'o) e i/'+^(R) x H'{Yi) satisfying dist(So,r) > c> 0, we 
proved in [2] that there exist T > and a solution (r?,^) G C°([0, T]; (R) x i?^(R)) 
satisfying dist(E(,r) > c > 0. 

{Hi) Letting q tend to infinity we see that the result in Theorem 1.2 exhibits a gain 
of 1/8 derivatives with respect to Theorem 1.1 

(if) For the end point (p, q) = (4, -\-oo) we prove in fact, under the assumptions in 
Theorem 1.2, that 

(r7,V)GL^(7,<|(R)x5:;|(R)). 

where -B^ 2 is the standard Besov space (see Section 6) 

{v) The gain of regularity exhibited in Theorem 1.2 is optimal as can be seen at the 
level of the linearized system around the trivial solution (r/, V') = (0, 0) which reads (when 
5 = 0), 

dtT] -\Dx\'4) = Q, dtip - Af] = 0. 
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II- II- 
Indeed u = \Dx\^ r] + iip is a solution of the equation idtu — \Dx\^ u = 0, for which one 

can prove the optimal estimate 



3 



/ 1 \ ^ C'II^^oIIh" 



which gives the desired regularity on {r],il)). 

(vi) It is most likely that Theorem 1.1 remains valid when R is replaced by the one 
dimensional torus T. Indeed, our proof relies on a semi-classical parametrix (on time 
intervals taylored to the frequency) which exhibits finite speed of propagation and which 
can consequently be easily localized in space. 

(vii) Notice that the dispersive estimates proved in this paper can be combined with 
our previous work to improve the regularity threshold obtained in [2] and give local well 
posednesss for initial data below the s = 2 + ^ threshold. This will be the matter of a 
forthcoming paper (including the 3-d water-waves system) [4] . 

(via) Notice finally that dispersive properties of the operator linearized at (r/ = 0, = 
0) were used recently by Wu [25, 26] and Germain-Masmoudi-Shatah [16] to prove global 
existence results. 



1.3. Strategy of the proofs. — Following the approach in Alazard-Mctivicr [1], after 
suitable paralinearizations, we have shown in [2] that the water waves system can be 
arranged into an explicit paradifferential symmetric equation of Schrodinger type, and 
we deduced the smoothing effect for the 2-d surface tension water waves. Here, we will 
also take benefit of this paralinearization reduction, and this reduced system will be our 
starting point. The guiding line for the rest of our proof is very classical: construction of 
a parametrix to prove dispersion (L^ — L°° estimates), and then TT* argument. 

There are two main difficulties in the analysis of this equation. First the coefficients 
of the operator arc time dependent and consequently we cannot get rid of the lower order 
terms by simple conjugation arguments (see Burq-Planchon [13]). Second the coefficients 
enjoy poor regularity, and finally, whereas the principal part in the operator is of order 
3/2, the subprincipal part in the operator is of order 1 which gives only a 1/2 difference 
compared to the usual 1 difference encountered for magnetic Schrodinger operators. As 
will be shown in our analysis, the presence of such subprincipal parts will produce non 
trivial oscillations which here have to be taken into account in the analysis. 

The first common step for both theorems is to perform several reductions for the 
paradifferential equation. The first one is to use Alinhac's para-composition theory [5] 
(see also Burq-Planchon [13] where a similar idea was used) to reduce the matters to the 
study of a Schrodinger type operator with constant cocfRcicnts principal part. This is 
particular to space dimension 1 and reflects the fact that there is only one metric on R. 
The second reduction, inspired by works by Smith [23] and Bahouri-Chemin [8] , consists 
in smoothing out the coefficients of the operator. 

Once this reduction has been achieved, we can construct the parametrix, for which 
the natural time is the semi-classical one: s = Here the differences between 

our two theorems appear. Indeed, in the proof of Theorem 1.1, following the strategy in 
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Burq-Gerard-Tzvetkov [12], we construct the parametrix on small times \s\ < c) and the 
main difficulty is to handle sharp regularity threshold (for smooth enough initial data the 
proof would be much simpler). In the proof of Theorem 1.2 the difficulties arc different: 
first we have to handle the oscillations generated by the subprincipal part and furthermore 
we have to prove very large time asymptotics (|s| < c|^|^/^) in the high frequency regime 
1^1 — >■ +00. Notice that, even for initial data with arbitrarily large smoothness, the analysis 
would be non trivial. Finally, once the parametrix is constructed, the dispersion estimate 
is obtained by using non classical stationary phase lemmas involving precise controls on 
the remainder terms. 

2. Preliminaries 

In this section we recall some notations and results from [2] which will be used in the 
sequel. 

2.1. ParadifFerential calculus. — In this paragraph we review classical facts about 
Bony's paradifferential calculus. 

For /9 G N, according to the usual definition, we denote by Wf'°°{Il) the Sobolev 
spaces of L°° functions whose derivatives of order < p are in L°°. For p €]0,+oo[\N, 
we denote by W^'^^CR) the space of bounded functions whose derivatives of order [p] are 
uniformly Holder continuous with exponent p — [p]. 

Definition 2.1. — Given p > and m G R, r™(R) denotes the space of functions 

a(a;,^) on R x (R \ 0), which are with respect to ^ and such that, for a// a G N and 
all ^ 7^ 0, the function x i-> d^a{x,$,) belongs to W'°°{'R) and there exists a constant Ca 
such that, 

(2-1) ^1^1 II^F<'OL.,oc(R)<^^a(i + ieir"'"'- 

Definition 2.2. — S^(R) denotes the space of symbols a(x,^) such that 

0<j<p 

where a^'^~^^ G r^^-'(R) is homogeneous of degree m — j with respect to ^. 

Given a symbol a, we define the paradifferential operator by 

(2.2) f>(C) = (27r)-'^ j x(e - V, VM^ " V, v)Hv)uiv) dv, 

where a{9, ^) = f e^*^'^a(x, ^) dx is the Fourier transform of a with respect to the first 
variable, Xj V' t'^o fixed C°° functions such that 

tp{rj) = for \ri\ < 1, ipiij) = 1 for \ri\ > 2, 

x(^, T]) is homogeneous of degree and satisfies, for < ei < £2 small enough, 

Xi9, r?) = 1 if \9\ < £1 \r]\ , x{0, rj) = if \9\ > £2 \v\ ■ 
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We shall use quantitative results from Metivier [18] about operator norms estimates 
in symbolic calculus. To do so we introduce the following semi-norms. 

Definition 2.3. — For m G R, p > and a € r™(R), we set 



(2.3) M-(a)= sup sup {I + \i\p-"'d1a{;0 

l"l<f+l+P l«l>l/2 



The main features of symbolic calculus for paradifferential operators are given by the 
following theorems. 

Definition 2.4- — Let m € H. An operator T is said of order < m if, for all /x G R, if 
is bounded from i7''(R) to Hf-'^(R). 

Theorem 2.5. — Let m G R. //a G rQ*(R), then Ta is of order < m. Moreover, for all 
/Lt G R there exists a constant K such that 

(2.4) ||T,||^^^^,_™ < KM^{a). 

Theorem 2.6 (Composition). — Let m ^Yi and p > If a & ^"J^i^) and b G r^'(R) 

then TgT}) — Ta^b is of order < m + m' — p, where 



Moreover, for all p gR there exists a constant K such that 

(2.5) \\Tan - Ta^bWH.^m-rr^-rr^'+P < KM^{a)Mf (6). 

If a = a{x) is a function of x only, the paradifferential operator Ta is a called a 
paraproduct. Paraproducts can also be defined using the Littlewood-Paley decomposition 
of the frequency space. Indeed, let : R — )• R be a smooth even function with (p{t) = 1 
for \t\ < 1 and <p{t) = for \t\ > 2. For A; G N, we introduce the symbol 

M0 = ^{^), 

and then the operators and A;;, defined by 

sTfio ■■= Mom, ^fio •■= (MO - m 

For ah / <E 5'(R), the spectrum of A^/ satisfies specA^/ C : 2^-^ < |^| < 2^^+!}. 
Hence AjAf. = if \j — k\ >2. Moreover we have the Littlewood-Paley decomposition: 

f = Sof+ J2 ^kf- 

fceN* 

With this decompositon, paraproducts can be defined by 

Taf = ^ Sk-3{a)Akf. 

k>A 
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Notice that the difference between paraproducts defined in these two ways is a smoothing 
operator. Namely, if a G W'''°°{'R) for some p > then the difference is of order —p. 

Theorem 2.7. — Leta,Pe'R be such that a + P > 0. If a e H°'{R) and b G iJ^(R) 
then ab - Tab - T^a G H°'+^'-^R) and 

\\ab-Tab-Tba\\^^^0_i^^^ < K\\a\\H^(ri)\\b\\H0(R) 

for some positive constant K independent of a, b. 

We use the following result which is a consequence of (2.5) with m = m' = 0, p = 1. 

Lemma 2.8. — Let s > 2 + | and a G VK^'°°(R). Then for all a & H there exists a 
constant C > such that for all j G N, 

ll[^i'^a]^ll//<'+i(R-) - ^1I'^IIm'1'°°(r)II^IIh<'(r)- 

2.2. The Dirichlet-Neumann operator. — 

Lemma 2. 9. — Let s > 2 + ^ and 1 < cr < s. Then there exists an increasing function 
C : R+ ^ R+ such that for all {r],xP) G H'+^{R) x H'{¥i) 

\\G{v)HH^-^n) < ^^(lhll^.+ i(j,))IIV'l|i/^(R)- 

Furthermore, if{r),ilj) G L°°(/; (R) x i7*(R)) is a solution of (1.4). Then 

(2.6) dt{G{r))^) = G{r)){dti^ - mv) - diY{Vdtv) 
where 

(2.7) <8(t,,):=9rf^2 + ^, V(t,x):=4^-»a., 

2.3. Symmetrization. — We consider a solution {rf,ijj) of (1.4) on the time interval 
/ = [0,r] with < r < +00, satisfying the assumption (1.2) for alH G / and such that 

(r?,V)GC°(/,if^+5(R)x/f^(R)), 

for some s > §• Then we set 

(2.8) U = tp- T^Tj. 

where ?8 has been defined in (2.7). It follows from the analysis in [2] that we have the 
following symmetrization of the equations. 

Lemma 2.10 ([2, Corollary 4.9]). — Let c, ci be defined by 

c={l + {d^r^fy~\ ci = (1 + (5^77)2)-^. 

1/2 

There exists an elliptic symbol p G such that the complex-valued unknown 

(2.9) ^ = Tpr] + iTc,U 
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satisfies a scalar equation of the form 

(2.10) dt^ + Tvd^<^ + i\D^\iT,\D^\-i^ = F, 

where V has been defined in (2.7) and F G L°°{I,H^{'R)). 

3. Reductions 

3.1. Change of variables. — Our aim in this section is to simplify the equation (2.10) 
by a change of variable. To compute the effect of a change of variable we shall use Alinhac's 
paracomposition operators and we refer to [5] for the general theory . 

Let K be a difFeomorphism from R to R. We define the operator k* by, 

(3.1) K*U = UOK- %^„)okK. 

One of the main properties of k* is that there is a symbolic calculus theorem which allows 
to compute the equation satisfied by k*u in terms of the equation satisfied by u (in analogy 
with the paradifferential calculus). 

Theorem 3.1. — Let d > l,m G Ti, r > 1, p > and set a := inf{p, r — 1}. Consider a, 
C' (Ji!^)-diffeomorphism x o,nd set k = x~^- -^^i a be symbol in S™(R'^). Then there exists 
a* G T.'^iK'^) such that 

K*Ta — Ta*K* IS Order < m — a. 
Moreover one can give an explicit formula for a*. If a = Y^am-k, then 

(3.2) a*{x{x),rj) = ^ a„_,(x, *x'(x)^)5,"(e^*^(^)-'')|,=,, 

a 

where the sum is taken over all a G N*^ such that the summand is well defined, x'(x) is 
the differential of x, t denotes transpose and 

(3.3) ^a^iy) = x{y) - X{x) - x'(x)(y - x). 

We note that it is easy to obtain regularity results on u given results on k*u. Namely, 
we have the following lemma. 

Lemma 3.2. — Let p > 0,k e W^^'~(R) and u e W^^'°°(R). If k*u G VF^'°°(R) then 
u G WP'°°{'R). 

Proof. — This follows from the fact that u = {k*u)ox + {T{d^u)oK)i^) ° X where x = ^ 
WP'^{K). ' □ 

We are now ready to simplify (2.10). Define x by 

(3.4) ^(t,x) = J^ cit,y)-Uy = J^ ^ I + {dyr^{t,y)Y dy, 
so that 

dxX{t-,x) = Vl + {d^'n{t,x)y = c(i,x)"3. 
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Then for each t € [0,T], x x(i)2;) is a diffeomorphism from R to R. Introduce its 
inverse 

(3.5) K = x'^. 

3.1.1. Notations: — We shall set / = [0,T] and we shall denote 

where C : R^ — ?• R"*" is an increasing function which may change from line to line. 
Moreover we shall denote by / o k the function 

(3.7) {foK){t,x) = f{t,K{t,x)). 

3.1.2. Estimates of x o-i^d k. — From (3.4), the equation dti] = G{rj)ilj, the Lemma 2.9, 
the Holder inequality and the fact that s > 2 + ^ we deduce, 

(3.8) ||5tX||L-(/xR) < A. 
Now since 

d,xit, x) = l + fid,v), f e C~(R), /(O) = 0, 
we deduce from the assumption s > 2 + ^ and the Sobolev embedding that, 

(3-9) \\da.x{t,x) - + I|5.xI|l-(7xR) < A. 

Let us consider the function k. 

Since dfK = — ^ o k we have, using (3.8), 

(3.10) PtK|U->(/xR) < A. 

On the other hand we have dxH = 1 + fidxi]) where / G C°°(R), /(O) = 0. It follows 
that, 

(3.11) \\da:K-l\\ , , 1 , < A 

It is clear from the definition that we have, 

(3.12) \dxKit,x)\ <1, V(t,x)e/xR. 
It follows then by induction that for every p G N we have, 

(3.13) II'^IIl°°(/,IVp.°°(R)) < C'(II'?IIl°°(7,vfp.°°(r)))- 
To go further we shall need the following elementary lemma. 

Lemma 3.3. — Let p € N* and k : R — > R 6e a diffeomorphism such that dxK G 
iyp-i'°°(R). Setx = n-^- Then for all F e i?^(R) withO< /j, < p we haveFon £ H''{R) 
and 

(3.14) \\Fok\\hi^(R) < l!x'llL-'(R)C(l|9x«;||w'P-i,->(R))||i^|UA.(R) 

where C is an increasing function from R+ to R+ . 
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Now in our case for (almost all) fixed t and all e > wc have, 

(3.15) ||a,«:(i,-)lkp-i.oo(R) < Ci\\r,it,-)\\w^,^in)) < C(||?7(t, Oll^.+ i+.^j,))- 

We deduce then from Lemma 3.3 that for < /x < s — 1 and F G L°°{I, H^^(R)) we have, 

(3-16) \\F ° i^\\L°°{i,Hi^{n)) < M^\\l'^{i,hi^(r))- 

Coming back to the regularity of % we deduce from (3.4) that, 



d X = 
" (l + (5,r?)2)t 

It follows from (3.16) that, 

(3-17) \\idlx)°n\\ , 3 3, , < A 

On the other hand we have, 

a.,R(G(.,)^) 

(1 + (d^nf)-^ 

So using Lemma 2.9 and (3.16) we obtain, 

(3.18) WxdtX) ° '^\\l'^{i,H'-^{K)) < A. 
Now we would like to estimate dfx- Since dtrj = G{ri)il) we have, 

(3.19) a?x(M) = - /• a2^M!<i, + r EeMzmii;,, 

(3.20) + ra.,3MGm) 

Jo (1 + (B,r,f)' 

Since s > 2 + ^, the Holder inequality and Lemma 2.9 show that the first two terms are 
pointwise bounded by A. By the Holder inequality the last term can be pointwise bounded 
by 

\\dxV\\L°°(I,L2{R))\\9xdt{G{r])'llj)\\Lo.(^j^L2(^^)y 

Using (2.6) and the equation satisfied by (r/, i/;) we find, if s > 3 + ^, 

||9a:5t(G(?7)V')||Loo(7,L2(R)) <A. 
Therefore if s > 3 + ^ we obtain, 

(3.21) ||5fxl|Loc(7xR) < A. 

Finally let us estimate the term dxd^x- Using again (2.6) and the equation satisfied by 
(ry, ip) we find, if s > 4, that, 

(3.22) WxdfxW ,7 < A 
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3.1.3. Reduction of the equation. — With V defined in (2.7) and $ defined in (2.9) let us 
set (see (3.7)), 

(3.23) W = Vo K{d^x + dtx ° n, 

(3.24) $* = K*$ = $ o K - r(9^$)o««;. 

Then we have the fohowing result. 

Proposition 3.4- — Let s > 2 + ^ and I = [O.T]. There exists a real valued function g 
such that dxQ G S'^_3 and the function u = T^ig^* satisfies the equation 

* 2 

(3.25) {dt + Twdx + i\Dx\^u = F, 
with F e L°°(/,/f^(R'^)) and W is defined by (3.23). 

Proof. — We apply the operator k* to the equation (2.10). We first show that 
K*{dt + Ty5,)^ = {dt + Twd,)^* + i?($) 

(3-26) \\RmL^(I,H^m < C^(ll(^'V')ll^^(,^^,+ i(j,^,^.(j,))II^IU^(/,^/^(R)). 

We begin by showing that 

(3.27) = (dt - T^d,x>.W + M^) 
where Ri satisfies the estimate in (3.26). 

We have 

K*{dt^) = {dt^) OK- r(a^a,$)o«K 

= dt{^ ok)- {dtn){d:c^ ok)- r(g^a,$)oKK, 

therefore, 

K*{dt^) = dt{K*^)+Bi + B2, 

(3.28) Bi = T(^d2,^oK)dtKi^ 

B2 = T(^Q^^)oKdtn - {dti^){dx^ ° k) 
Let us consider the term Bi in (3.28) and let us set a = dtK,{dx^ o k). We have, 
TaK = J]5,_3(a)A,(K) = ^2-^5,_3(a)^(2-^'£')(5,Ac) = Y,9j 

j>4 j>4 j>4 

where ^ G C~(R),supp^ C < \^\ < 2}. Since d^K = 1 + fid^v) with /(O) = 0, we 
have Aj{dxK) = Aj{f{dxr))) so, 

MlHr) < 2-^'||a|Uoc(R)2-^(^-^)c,C(||r7||^,+ i^^p, (cj) G f. 

On the other hand using (3.8), (3.9) we can write, 

II«I|l°°(/xR) < l|^||L°°(/,/f»(R))PtX(5a;X)~"^llL°°(/xR) 

< ll*IU-(/,J^^(R))C(ll(^,V')ll^^(,^^,+ i(j,),^.(j,))- 
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It follows that, 

(3.29) B, < ^^(ll(^,^)ll,.(,,^..i(^),^.(^))ll^llL^(.,^^(R))- 

Let us consider the term i?2- 

We have, dfK = ab where a = dtx £ r?;^ = G rj. It follows from Theorem 2.6 
that a#6 = ab and Tab — TaT^ is of order —1. Let us set 

(3.30) B21 = \\(Tab - TaTbXd^^ O Ac)|Uoo(^,^.(R)). 

Using (2.5) we obtain, 

B2I < ||^tX||L°°(7,W^i.°°(R))l|f^3;K||x,oo(7^t^i,oo(R,))||(5j;$ O k) ||Loo(7^ii-s-i(R)) . 

Since s — | > 1, using (3.16) with /it = s — 1 we obtain, 

Therefore using (3.28), (3.29), (3.31) we obtain, 

(3.32) K*{dt^) = dtK*<^ + Tq^^Tq^A^ o k + i?2($), 
where R2 satisfies (3.26). 

Now let us set 

a = dxKe L°°(/, H'-^-R)), b = dx^oKe L°°(/, H'-\R)). 
It follows from (2.7) that 

(3.33) \\ab-Tab-T^,a\\Loo(^I^H^s-2(J^^) < ||a||^^^^^^,_i ^^^^ ||6||ioc(7^j7«-i(R)). 
Therefore we obtain 

(3.34) K*idt<P) = dtiK*<^) - TQ,^dxi<^ o + Ta^^To^^oAn + R3, 
where R3 satisfies (3.26). Using (3.1) we obtain 

K*idt<^) = (dt - ra,^a^)((K*$) - Tg^MTd.'Pon) + Ta^xTd^^ond^K + R3, 

where R3 satisfies (3.26). 
It follows that 

K*{dt^) = {dt - ra,^5,)((Ac*$) - T^92^o.)a.,i^ + Rs- 

Now the term T(^q2^q^-^q^^k can be estimated exactly by the same method as the term Bi, 
therefore we obtain 

K*{dt^) = {dt - TQ^^dx){K*^) + i?4, 

where i?4 satisfies (3.26). This is precisely (3.27). 
Now we claim that 

(3.35) K*(ry5^$) = T^ya^^^.Ai^*^ + i?5($), 

where R^ satisfies (3.26). But this is precisely a consequence of Theorem 3.1. Indeed we 
have for (almost all) fixed t, a(a;,^) = iV{t,x)^ G and the diffeomorphism n is in 

W^~^ (R), so (T = s — I and the remainder term is of order less than 1 — (s — |) = | — s < 0. 
Then (3.26) follows from (3.27) and (3.35). 



12 



Let us consider now the principal part. Applying again Theorem 3.1 we find that, 
K*{\D^\iTc\D^\i^) = \D^\iK*^ + TaK*^, 

where a is of order |. 

Finally, it remains to reduce to the case where a = 0. Indeed, let 5 be a real- valued 
symbol such that dxg G r°_3^2(R') ^.nd 

then if we set 

(3.36) u = T^i9^*, 

we obtain by symbolic calculus that u satisfies 

{dt + Twd^ + i \Dx\^ + iTa + n)u = F, 

with F G L^(/,if*(R'')) and b = This completes the proof of Proposition 

3.4. □ 

3.1.4. Regularity of W. — The following result gives some informations on the function 
W defined in (3.23). 

Lemma 3.5. — Let I = [0,T], E = L'^{I x R), F = L°°(/, iJ^-2(R)). 

1. If s>2+\, we have W eE, d^W G F, and 

\\W\\E+\\d:cW\\F <C(\\(ri,'il;)\\ ,,1 ). 

2. Ifs> 4, we have dtW, d^W, dtd,^W G E and 

\\dtW\\E + \\dlW\\E + \\dtd^W\\E <C(\\(ri,M ,,1 ). 

Proof. — Let us recall that wc have set, 

where C : R^ R"*" is an increasing function which may change from place to place. 
Since s > 2 + ^ using (2.7) we obtain, 

(3.38) II^IIe < ||9a;V'||L°°(7,_ff''-2(R)) + \\^\\L'^{I,H=-'2{R))\\9xV\\L'>°{I,H''-'^{n)) < ^■ 

Then the estimate \\W\\e < A follows fom (3.8) and (3.9) . 

Now we have 

(3.39) dxW = dxV o K + V o k(9^x ° i<^)dxH + {dtdxX ° n)dxH- 
Using (3.16) we see that, 

(3.40) \\V o k\\e + \\dxV o k\\e < ^||^||l°°{/,//=-i(R)) ^ A. 

Now using (3.11), (3.17) and the fact that H^~'^(R) is an algebra we deduce, 

(3.41) \\V o K{dlx° K)dxK\\F < A. 
Then the estimate < A follows from (3.18) and (3.11). 
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Let us now prove 2. We have 

dtW = dtV o K{dxX ok) + dxV o K{dxX ° n)dtK + V o n{dtdxX ° k) 

(3.42) „ 2 ^ 

+ V o K{d^x ° i^)dtK - 5^ X o AC - dtdxX ° K{dxK) =: Bi. 

i=l 

It follows from (3. 16), (3.9), (3. 10), (3. 17), (3. 18), and the Sobolev embedding that 

(3.43) \B2\ + \B3\ + \B4\ + {Bel < A. 

Now we have dfV = dxdtip — {dt^)dxr] — ^dxdtrj. So using the equations satisfied by {rj, ip), 
the Sobolev embedding and Lemma 2.9 we obtain 

(3-44) \\dtV\\ , , 5, , < ^. 

It follows that 

(3.45) |-Bi|<A 

The term is estimated by A using (3.21). Therefore using (3.43) and (3.45) we deduce 
that llStWlle < A. 

The claim on d'^jW follows from the first part of the Lemma and the Sobolev embedding 
since s > 3 + ^. It remains to consider the quantity dtdjW. We go back to (3.42). The 

term dtV o K{dxX ° f^) is bounded by A in L°°{I, H^^^{Ii)). The third term V o K.{dtdxX ° 
k) is bounded by A in L°°(/, i7'^^^(R)). The term dtdxX ° i^{dxn) is bounded by A in 
L°°(/, ff*~^(R)). Therefore the dx derivative of these three terms are bounded by A in 
L°°(/,/7'*-i(R)). By (3.8) we have, 

\\dxV o K{dxX o '«)^t«||L°°(7xR) < MdxV o K{dxX ° '^)IIl°°(/xR) 

< All^i^F O K{dxX ° K)||ioog_j:^s-2) < A. 

We can apply the same argument for the term V o K{d'^x° f^)9tH- Finally wc bound the term 
V o K{dxdf^x ° 1^) ill ttie space L°°(I, i?*~2(R)) by using (3.16) and (3. 22). This completes 
the proof of our Lemma. 

□ 

3.2. Symbol Smoothing. — In this section we follow an idea of Smith [23] (see also 
Bahouri-Chemin [8]), and we are going to smooth out the coefficients of the function W 
with respect to x. As already mentioned, here is the main place where the idea of allowing 
loss in remainder terms enters. We define for < (5 < 1, 

The key difference between T\y and is made clear below. 
Lemma 3.6. — The operator Tw — is of order — (5(s — |). 
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Proof. — Since for almost all fixed t we have, dxW{t, •) G H'^ we have, 

||5iW-%]W|L.(I,)< jZ ll^n(^)llL°o(R) 

n=[Sj] 

j 



□ 



In the sequel we shall set 

' h = 2-^ j e N, 
(3.46) I = S[sij-3)]m, 

.a(6=Xo(Ol^li 
where xo e Co°°(R), suppxo C {| < |^| < 4},xo = 1 in < |^| < 2}. 

Lemma 3.7. — Let s > 2 + \. There exist 6 < ^, e > and fh e L~(I, i?^+^-^(R)) 
such that 



(3.47) 

and the functions Uh = Aju satisfy 



supp(A) C {-h-' < Id < 2h-^} 



(3.48) 



{dt + liW^dx + d^W^) + ia{Dx))uh = fh 



Proof. — First of all we remark that we have l-D^I^ Uh = a{Dx)uh. Now, applying the 
operator Aj to (3.25), we obtain 



(3.49) 



{dt + Twdx + i \Dx\^)uh = Ajf - [Aj,Tw]dxU := gl 



Since by Lemma 3.5 we have dxW G L°°{I, ^(R)), it follows from Lemma 2.8 that 
satisfies (3.47) (for any < e < ^). Then we can replace Tw by T^, which gives 

(3.50) {dt+ Sys[^k-i)]{W)AA + i\Dx\^)uh = gl + {Tl^-Tw)dxUh -.= 91 + 91 

\k-j\<l 

where, according to Lemma 3.6, g\ satisfies (3.47) with e = 5{s — |) — ^ > if 5 < ^ is 
chosen close enough to |. Now, we have 

\k-3\<l 
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Consequently, we obtain 

(3.51) {dt + S[su-3)]{W)d,, + i \D^\^)uh 

= 9h + 9h+ E ('^['50-3)] (^) - ^[5(fc-3)] {W))AAuh = gi + gl+gl 

\k-j\<i 

and using that for \k — j\ < 1, 

||%fe-3)] W - %,--3)](W^)|L. < C2-^'^^-l\ 

we obtain that gf^ satisfies (3.47). Finally, we obtain 

(dt + liWid, + d,Wi) + i mhuh = gl+gl + gl+ gl 
where gf^ = \S^j(^j_^-^T^{dxW)uh satisfies (3.47) (for any < e < |). □ 



Lemma 3.8. — Let s > ^ and set 



-^e]o,l[. 



Then there exists fh G L^{I, H^(R)) such that 

IIMlL-{7,if»(R)) < C V')ll^^(,^^.+ i(j,)^^.(j,))) , 

supp(A) C {^h-' < lei < 2h-^} 
and the functions u^, = AjU satisfy 

(3.53) {dt + \{W^d^ + d^Wl) + ia{D^)uh = fh 



Proof. — The proof is identical to that of Lemma 3.7, the only difference beeing that now 

3^ 

2J 



we take 6 such that d{s — |) = 1. □ 



4. Semi-classical parametrix 

Following [12] we shall reduce the analysis to establishing semi-classical estimates. 
Recall that 2"^' = h and = Sis{j-3)]{W) = j{h^D^)W, 7 G C^(R). 

Theorem 4.1. — Let x & C^(R> with suppx C : 5 < |CI < 2} and to G R. For any 
initial data ug^h = x{hDx)uo, where uq G L^(R), let Uh '■= S{t,to, h)uQ^h be the solution of 

(4.1) dtUh + ^iWld, + d,Wi)Uh + ia{D,)Uh = 0, \t=to= uo,h- 

Then there exists e > such that for any < h < 1 and any \t — to\ < h'^~^ , 

C 

(4-2) ||S'(i,to,M'"o,/i||L°°(R) < ^1/4 1^ 1 1/2 II "0.^1 1 -^MR)- 
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To prove this result, we shall follow a very classical trend and construct a parametrix. 
Notice that our assumptions being time-translation invariant we can assume to = 0. The 
parametrix will take the following form, 

(4.3) Uhit,x) = ^JJ efi(^(''-'^'''^-'^^B{t,x,z,^,h)uo,hi^)dzd^, 
where $ will satisfy the eikonal equation and 

(4.4) B{t, X, z, ^, h) = Bit, X, h)C{x -z- th-'^a'{0), 

where B will satisfy the transport equations and ( G Cq°(R), ^(s) = 1 if |s| < 1, (^{s) = 
if \s\ > 2. 

In addition to % we shall use two more cut-off functions Xj ^ C'o°(R),i = 1,2, such 

that 



(4.5) 



suppxi C : ^ < 1^1 < 3}, xi = Ion suppx, 
suppxo C : ^ < ICI < 4}, Xo = Ion suppxi- 



4.1. The eikonal and transport equations. — We introduce some space of symbols 
in which we shall solve our equations. 

Definition 4- 2- — Por small s, to he fixed, we introduce the sets 

= {(t,x,C,/i) eR^ : he (0,/io),|t| < h^^^,l < \^\ < s} , 
Oe = {{a,x,^,h) eK'^ : he {0,ho),\a\ < /^-^ 1 < |^| < 3} . 

If m, e R and g £ M+, we denote by S'^^ip,^) (resp.S'^^iOe)) the set of all functions f on 
r^e which are C°° with respect to {t,x,^) (resp.{a,x,$,)) and satisfy the estimate 

(4.6) \d^f{t, X, h)\ {resp. \d^f{a, x,^,h)\) < C^^h^'^, 
for all {t,x,^,h) e (resp.{a,x,^,h) e O^). 

Remark ^.5. — (i) If / G 5™ , 5 G Sf^ then fg G 5^+""'; if / G 5™ , (m > 0) and 
F e C-(C) then F(/) G 5™ ; if / G 5™ ,'(m < 0) and F G ^-(C) then F{f) G . 
Let / G S^,e, then d^f G S^'^. Moreover 5™ C if ^ > 

{ii) Let W be such that d^W G H'-^{R) with s > 2 + ^ and set = j{h^D^)W 
where 7 G 5(R). Then d^W^ G S^,. 

Let 5 e (0,i). We fix 

(4.7) """U^-*)- ^^<°'f'- 
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Until the end of this section, for the simphcity of notations we shah drop the index e 
and denote by S'^{^) the space S^^{fls). Finally we set, 

A = 5t + ^ {W^d^ + d^W^) + ixo (hD^) \D^\K 

(4.8) ^ 

a(6 = Xo(0 1^1^- 
The main result of this section is the following. 

Proposition 4-4- — There exist a phase $ of the form 

^{t,x,^,h) =xC- h'ha{() + h^'^{t,x,^,h) 
with G Sg^{fl) and an amplitude B G -S'^+seC^) such that, with B defined in (4.4), 

(4.9) £0 {ei^B) = ei^Rh. 
and for all N we have, 

< CNh^ \\uo,h\\L^(R), 



(4.10) II J I' ei^''^'^-^^^^^-'^^Rh{t,x,z,i,h)uo,h{z)dzdi 

for all t in [0, h^~^]. 
Proof. — We set, 

t = h^a, ip{a,x,^,h) =^{ah^,x,^,h), 

(4.11) b{a,x,^,h) = B{ah^,x,^,h), Vh{a,x,h) = W^iah^ ,x,h), 

C = hd^ + (Vhihdx) + hdxVh) + ia{hDx). 

3 

Multiplying (4.9) by /12 we see that it is equivalent to, 

(4.12) Ci^ein^ =ei'^r{a,x,z,^,h), 
and (4.10) becomes, 

(4.13) / / eii^^^-'-'^'''^-'i\{a,x,z,^,h)uo,hiz)dzdC < CnH'' \\uo,h\\LHny 

In the proof of (4.12), z,^,h will be considered as parameters. 
We shall take (p of the form 

(4.14) ip{a, X, ^, h) =x^- cra(0 + h^ipia, x, ^, h), 
where is the solution of the problem 



(4.15) 



(7=0 



0. 
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Differentiating (4.15) with respect to x and ^, using an induction on k and the fact that 
dxVh G Sg{0), we see easily that, 

(4.16) \dld^ij{a,x,C,h)\ < CkaW\h-^^h-^^°'+''-^^^ , 

for every (a, x, ^, h) G O, where a+ = sup(a, 0). It follows in particular that dxip & S^''{0), 
Now, since b = b( we have. 



(4.17) 



M-l 



^=Y.^.9y{(9la){p{x,y)m}\^__ 

'1 d^p 



hi ~ ~ 

e-i^(/ia^ + -^{Vhdx + dxVh)){ein) = i[hHVh - a(0 + h^d^^ + hVhdx^]b 

+ h[d„b + /i^Ffta^fe + \h^{dxVhM + /t[-a'(0 + h^Vh]bC,'. 
On the other hand recall that wc have for all M € N* (see the appendix), 
(4.18) e-'t'PaihDx) (e^-^^) = A + n + rs, 

where 

(4.19) 
with 

(4.20) p{x, y) = (^, Ax + (1 - A)y, /i) dA, 

and the remainder ri , r2 arc given by, 

(4.21) n = ch^-' JJj\i^'^-y')'^Ko{ri){l - \)^-'d^[a^^\Xri + p{{x,y))b{y)]dXdydri 
and 



fe=o 



M-l 1 

(4.22) r2 = V Cfe,M/i'^+' / / z^ko{z){l - X)''-'d^'+^[a^''\e)b]\y=x-XhzdXdz, 

where CM,Ck,M G C, G Co°(R),ko = 1 in a neighborhood of the origin. Now since 

b{a, X, z, ^, h) = b{a, x, ^, h)C{x - z- cra'(O), 
writing for simplicity 6(y) = 6(0", y, ^, /i) and C = C(^ — 2; — (Ta'(^)) we have, 

M-l 

^ = (^ ^ifc)C + ?^3, 



(4.23) 



fc=0 



= -Wkfy {^^'''^ ^'"^"^'^^^ ^^^)} 1^=^' 

M-l 

^3 = E E^i*^^'^.'"' {(^|«)(p(^,2/))%)} \y=.&^- 



k=\ i=i 
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The term Aq in (4.23) is equal to + h'2dxip)b. Then 



(4.24) 



3 /•! 



6. 



The term Ai in (4.23) can be written as 

h 



A, 



Therefore 



/■I 
Jo 



4>) dx } d^b 



(4.25) 

Since h^d^ip G S^, h^+^d^i^ G 5^ and 5e < /iq, we deduce from (4.24) and (4.25) that 



+-hHdli,)a"i^ + h-^d,i;)b 



(4.26) Ao + Ai = 



ai0 + h"2a'{0dcci^ + ^a"i0id.i^f 



b + -a'iOdxb 



+ hh^'^h^cib + C2h^'+^dxb) 



for some Cj G Sg. 

Now, consider the term A^ with k > 2. We have 



■ ki=0 ^ ^ 

Since hhdx'>\) G S^, we obtain, 

CkM ■■= h^^'dy' [{dla){p{x,y))\ \ G Sl 
It follows that the generic term in A\^ can be written as 

M*^-^/i-*^i''cfe,fei /i^(/i'^+=^^a^)'=-'=i 6. 
We have, since 3£ < /xq and A; > 2, 
(4.27) 

A; - 1 - - £ - (5 + 3£)(A; - fci) > A;(l - 5 - 3£) - 1 - £ > 2(1 - (5 - 3£) - 1 - £ 



> 2(^ - 5 - 3£) - £ > ^ - ,5 - £ > //o 



so that 
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We deduce from (4.26) that 



M-1 



(4.28) Yl 



k=0 



2 

^-a(^)(0(/i^W 



j=0 



b + -a'{C)dxb + hh^'^h' ^ deih^+^'d^fb 



M-1 



with de G S^. 

Then it follows from (4.12), (4.17), (4.18) and (4.28) that 
r = i (-a(0 + h^eyu + h'^da^ + bC 



+ h[d^b + hWhd^b + -h2 {dMb]C 



+ i 



a(0 + + |a"(e)(9.V')' 

M-1 3 



bC + ha'iOd.bC 



Gathering the terms in powers of /i, noting that the coefficient of h9 vanishes and using 
the eikonal equation to see that the coefficient in vanishes, we are left with 

(M-1 \ 4 

e=o ) j=i 

where / = Vhdxip + a"{£,){dx'ip)^ is real-valued, € 5° and 

(4.30) r4 = ^h[-a'{0 + h'^Vh]bC'. 
It follows from (4.16) that 

(4.31) \d^dlf{a,x,^,h)\ < CkaCTh-'h-^'h-'^'^+''\ 

for every {a,x,i,h) G O. In particular / G S-'^^{0). 
Now we shall seek b under the form 



.7-1 

i=o 



(4.32) 

where the b'^s are the solutions of the following problems 
(4.33) 



=0 = Xl(0> 
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(4.34) 



where xi £ Cq^(R) has been introduced in (4.5) and 

^ bj\a=0 = 0. 

It is easy to see that for all j we have, 

(4.35) bj{a,x,^,h) = xi{Ocj{(^,x,^,h). 
For the estimates we shall use the following elementary lemma. 

Lemma 4-5- — If u is a solution of the problem 

daU + a{^)dxU + ifu = g, u\a=Q = zeC, 
where f be real-valued, then it satisfies the estimate 

\u{a,x,^,h)\<\z\+ [ \g{a',x + {a' -a)a'{0,^,h)\da' 
Jo 

for every (cr, x, ^, h) G O. 
Proof. — Indeed, the solution is given by 

x!^z + h' £ e'fo' fit,^+it-'y)a'{&,i,h)dtg^^,^ x + {a' - a)a'{i), ^, h) da' 

□ 

Using this lemma we deduce the following. 

Lemma 4-6. — The problems (4.33), (4.34) have unique solutions bj = Xi(^)cj where 

the Cj satisfy the estimates 

(4.36) \d^dlcj{a,x,^,h)\ < C„fe,7i-'='^/i-("+^)(^+3-) 

for all (cr, x, ^, h) £ O, all a,k £N, and all j = 0, M. 
In particular c = '^jLo belongs to Sg^^^ (O) . 

Proof. — Let us look to the case j = 0. Then cq satisfies the same equation and co\a=o = 1- 
We show first (4.36) for k = and all a. By Lemma 4.5 wc have |co| < Ch~^. So assume 
that (4.36) is true (for k = 0) up to the order a — 1 and let us differentiate the equation 
(4.33) a time with respect to x. It follows that U = O^cq satisfies the equation 

r)TI r)TI ^" ^ 

(4.37) ^ + a'iO^ + ifU = -i E Cr(4/)5r'co. 

1=1 
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Using (4.31), Lemma 4.5 and the induction we deduce that 



1=1 



This proves (4.36) for k = and aU a. Then using an induction on k we differentiate the 
equation (4.37) k times wit respect to ^ we use again (4.31), Lemma 4.5 and the induction 
to prove (4.36) for all k and a. The proof of (4.36) for j > 1 is similar. □ 



It follows from (4.29), (4.33), (4.34) that 
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where 

(4.38) rs = h^^^bj-iC. 

4.1.1. End of the proof of Proposition 4-4- — We are left with the proof of (4.13). For 
rj,j = 1,2,5 defined in (4.21), (4.22) and (4.38) we have for all iV G N, 

(4.39) (x-2-aa'(0)h(a,x,2,^,/i)| <Civ/i^|Xi(OI- 

To prove (4.39) we write in the integral giving ri (resp.r2) , x — z — o"a'(^) = {x — y) + 

{y — z — aa'{^)), (rcsp. = (.x — z — Xhz — aa'{S.)) + Xhz) we integrate by parts using the 
fact that hdr^ei^'^-y^'^ = et^^-^')" and we use the fact that 

(4.40) b{y) = xm<(T,y,^,h)Q{y - z - aa'(O) 

with c G S^+sg and 5 + 3£ < 1. Then (4.13) follows from (4.39) and Young's inequality. 

The terms corresponding to rj, and r4 defined in (4.23) and (4.30) will be treated in 
the same manner and will use the fact that on the support of a derivative of the function 
C one has \x — z — a"a'(^)| > 1. Since by (4.16) we have hA\d^'i\)\ < Ch2\a\ < Ch2~^ we 
deduce from (4.14) that \d^{ip{a,x,^,h) — z^)\ > ^ if /i is small enough. Therefore we can 
integrate N times by parts using the vector field 

i{d^{ip{a,x,i,h) - zi)) ^' 

Finally the estimate for the term rs follows easily from the fact that the convolution of 
L\K) with L2(R) is contained in L2(R). 
The proof of Proposition 4.4 is complete. 

□ 

4.2. Refined Van der Corput estimate. — Let us recall that we have set (see (4.3)) 

(4.41) Uhit,x) = J K{t,x,z,h)uohiz)dz 
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where 

(4.42) K{t, ^' ^' ^) = 2^ / et(*(*'^'^''*)-^«)5(t, x, z, ^, h) d^. 

In the variable a = th~2 we have 

K{t, X, z, h) = K{a, X, z, h) 

where 

K{a,x,z,h) = ^J e^Hi'P(-'-'^''^)-^^)b{a,x,z,^,h)d^, 
where tp and b have been determined in (4.14), (4.33) and (4.34). 
Proposition 4-7. — There exists C > such that 



C fh\^ 



(4.43) \K{a,x,z,h)\ < ^ . 

h \a 

for all {a,x,z,h) in ]0, /i~^[xR x Rx]0, /io[- 

Proof. — Since 6 G S*^ is bounded with compact support in ^, the estimate (4.43) is trivial 
for \a\ < Ch. Let us assume that \a\ > Ch. We have by (4.11), 

£ = (^hda + h'^W^ih^a, x){hd^)^hl{d^Wi) +i\hD^\^ 

By a scaling argument we can assume without loss of generality that a > 1. Indeed, 
otherwise, setting 

a ^ X ~ h 
T = — , X = — , h = — , 

(To CTq (To 

we see that in the new variables, the operator reads 

L = hdr + h^/^Wlhd^ + IrA (d^W^) + i\hD^f/'^ 

where 

W^iT,x) = al/^Wi{aor,aox) 

and consequently we have 

with bounds uniform with respect to ctq. 

Assume now that the dispersion estimate has been proved for the kernel of the operator 
L and a = \. Since we have 

(T X X 

Sh{(j)uo{x) = {Sr{—)uo){—), uo{—) = uo(,x), 

(To (To (To 
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we can write 



(4.44) ||S'/i(c7o)uo||loc(r) = ||5'r(— )txo||Loo(R) 

(To 

C C|cTo|^/2 (7 

< ^ll-o||.i(R) < ^^T72^II-oIIl.(r) < 

which is the dispersion estimate for the kernel of the operator L and a = ao. 
Let us set 

(4.45) 9{x, y, ^, h) = ip{a, x, ^, h)-z^ = {x- z)^ + a(Ocr + h^'^{a, x, ^, h). 
Then 

dje^x, y, C, h) = dIaiOa + h^dji^ia, x, h). 
Now by (4.5) and (4.8), on the support of xi we have a(^) = |^|2. Therefore 0|o(^) = 
flCI^^ > Co > 0. On the other hand from (4.16) we have < Cuh~^~^^ which impUes 

/i2|<9|V'l < C(T/i2-^-2e < Cahi^°. It follows that on the support of Xi one can find a 
constant ci > such that 



(4.46) 



< cio- < d?e{x,y,(,h) < —a, 

Cl 



if ho is small enough. 

In the sequel we shall omit to note {x,z,h) which are fixed taking care of the fact that 
all the constants are independent of {x, z,h) S R x Rx]0, /io[- 

Let us denote by [a,/3] C [|,3] the support of Xi-We deduce from (4.46) that the 
function ^ d^6{^) is increasing on [a,/3]. Therefore one can find p G [a,/?] such that 

Noting b{a,x,(,,h) = b{^) and assuming that ]p,f3[ is non empty, we shall estimate 

K+ia, X, ^,h) = ^ ei'^^iOa^ - ^ - ^'(O)^^^, 
the estimate corresponding to the intervall [a, p] being similar. We write for small 

^ -(/1 + /2), 



(4.47) 

We have obviously, 
(4.48) 



h 
h 



2-iTh 



em)h{OC,{^-z-a'{i))di 



eh 



0(0 



|A|<c(-)i 

a 
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In the integral I2 using (4.46) and the Taylor formula we see that, 
(4.49) d^e{0>ci<j{^f' =C,iha)K y^e[p + {^)Kl3]. 

Let us estimate the integral l2- We introduce the following notation. We shall write A B 

if|^— i?| < C(^)2 where C is a constant depending only q. Then we can state the following 
lemma which is a refined version of the well known Van der Corput Lemma. 



Lemma 4- 8- — For all k we have 
where q{$,) = b{^)C{x - z- a'(^). 

Proof. — Let us denote by the term in the right hand side of (4.50). The Lemma is true 
for k = 0. Assume it is true up to the order A;. Using the fact that jg^^d^^T^^^^^ = e^^^^-* 
and integrating by parts in we obtain, 

First of all we have J| = Jk+i- Now using (4.36) and (4.49) we can write, 

i,—ki5+Ae) ?i 1 1 h ^ 

\Jl\ < ch'^'^-—-^ < cfy-^h'^ih-s-^^^ < c(^)^ 

[ha) 2 o cr 

since a >1. Now using again (4.36) we obtain, 

.13 



\Jk\< C/l*^+l-*^(5+4-) , 



(dm) 



k+l 



Since by (4.46) the function d^O is increasing we have 
Therefore we can write, 

'^^'-^^ t i(a^^(o)^+iJU^)^- 

We deduce exactly as for j| that, 

\Ji\<c{lr. 
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It follows that Jfc N j| which proves our induction. □ 
Now using Lemma 4.8, (4.36) and (4.49) we can write, 

{ha)2 



SO taking A; such that kno > ^ and using (4.7) we deduce that \ Jk\ < C'(^) ^ • It follows 

the from Lemma 4.8 that I/2I < C(^)^ and from (4.48), (4.47) that \K+\ < f (^)^ which 
completes the proof of Proposition 4.7. □ 

4.3. End of the proof of Theorem 4.1. — Let us set Jg = [0, /iz"^]. It follows from 
(4.3) and Proposition 4.4 that 

(4.51) dtUh + \{Wid^ + d^Wl)Uh + ia{D^)Uh = F^, Uh\t=o = MO, x), 
with 

(4.52) sup \\Fh{s, Olk^R) < CNh^\\uo,h\\m-R)- 

seJe 

We claim that, 

(4-53) Uh{0, •) = uo^h + vo,h, II«o,a||h1(R) ^ CNh'^\\uo,h\\L^(R)- 

Indeed using (4.3), (4.11), (4.14), (4.33), (4.34) and (4.35) we see that, 

(4.54) vo,hix) = (27r/i)-i j j et(--^)«(l - C(x - z))xi{OuoA^)dzd^. 

Since on the support oil — C,{x — z) we have |x — > 1 we can integrate by parts as much 
as we want to obtain that for all AT > 1, 

Using the Holder inequality we deduce that, 

/ /" 1 — Cix — z\ \ 

\vo,h{x)\^ < CNh^'^y j _ ^^jv Wo,h{z)\dz^ ll'"0,fe||Ll(R) 

from which we deduce that, 

lko,/i||L2{R) < C'Af^^""^ll'"0,/i||Li(R)- 

Differentiating (4.54) with respect to x and using the same trick we obtain the estimate 
in (4.53). 

Now by (4.51), the Duhamel formula and the definition in Proposition 4.1 we can 
write, 

S{t,Q,h)uQ^h = Di + D2 + where Di = Uh{t,x), 

(4.55) ft 

D2 = -Sit, 0, h)vo,h{x), £>3 = - / S{t, s, h)[Fhis, x)]ds. 

Jo 
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First of all the estimate 

(J 

(4-56) ||L'i(i)||ioo(R) < ^i/4|^|i/2 II^o,/.||li(r) 

follows from Proposition 4.7 and (4.41). 

Let us estimate D2. We have by Sobolev inequality, 

II^2W||loc(r.) < Ci||L»2(0lkHR) ^ C2\\vo,h\\H\n), 

therefore by (4.53), 

(4.57) p2(t)||L-(R) < CiV^^||uo,h||Ll(R). 

Let us look now to the term D^. We have, 

ds<C' \\Fh{s, 

from which we deduce, 

(4.58) ||A3(t)||Loc(R) < CNh^'Wu^^hWmYiy 
Then Theorem 4.1 follows from (4.55), (4.56), (4.57), and (4.58). 

4.4. The TT* argument. — Having proved the dispersion estimate the Strichartz 
estimates for the solution of (4.1) follow very classically. 

Proposition 4-9. — There exist e > 0, C > such that for any < h < 1 and any 
initial data uo^h = x{hDx)uo, we have 

(4.59) \\S(t,0,h)uoh\\ 1 , .<C\\u^h\\ 1, 



Jo 



Proof. — Indeed, applying the usual TT* argument, it suffices to prove that the operator 

S{t,0,h)S{s,0,h)*f{s)ds 

'0 

maps continuously Lt((0, h^~^), L^CR)) to L^{{0, ^5~^), L°°(R)). But a direct calculation 
shows that since ^{W^d^ + d^W^) is self adjoint, one has 

S{s,0,h)* = S{0,s,h), 

and consequently, Proposition 4.9 follows from the classical Hardy-Littlewood- Sobolev 
inequality and the dispersion estimate (4.2). □ 

Corollary — Let u be a solution of the problem 

dtu + ^{W^d^ + d^Wl)u + ia{D^)u = /, u\t=o = 
with supp/ C < Id ^ 2h~^}. Then we have, 

"^"L4((0,/ii"''),i^°=(R.)) - ^ "•^"Li((0,fe2-^),L2(R)) ■ 
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Proof. — Indeed we have, 

u{t,-)= [ S{t,0,h)S*{s,0,h)f{s,-)ds. 
Jo 

Let us set = [0,h2~^]. It follows from Proposition 4.9 that, 

1 , 

MLHJ,,L-in)) <CJ^ \\S{sAhrf{s,-)\\^i^^^ds 

1 , 

since / is supported in {^h~^ < |^| < 2h~^}. □ 

4.5. Gluying the estimates. — It remains to glue the estimates which up to now have 
been proved on small time intervals of size h^^^. Recall that from Lemma 3.7 we have 

Let G C^(0, 2), equal to 1 on {\, |). For -l<k< h^'^, define 

/t — kh2 

uh,k = 'py 

which satisfies 



Uh,k = ^[ TZ j'^h, 



(4.60) dtUh,k + liW^d^u + d^Wl)uh,k + i \D^\^ Uh,k 

't — kh^~^\„ 1 ,/t — kh^' 
V\ TZ )fh + hf—2^'[ r 

As a consequence, using Corollary 4.10 we obtain. 



1 ]fh + h 2(pl \uh, 1^=0, 

V ^^-£ / V ho-^ / t=kh^ 

mce, using Ci 

(4.61) \\uh,k\ 



1 

1 



< Ch^~^-^ (\\fh\\L^(o,T),L2(ii.)) + h'~^\\uh\\L^ao,T),L2{R))) < Ch'-^ 



where in the last inequality we used the assumption u G L°°((0, r), ff*(R)) and (3.47). 
Eventually, noticing that. 



^ 1 



ll'"'i|lL4((o,r),L-(R)) ^ XI \\'^h,k\\, ,. „, . 1 



4 

L4((fc/i5-'=,(fc+2)/jS-'=),L°=(R))' 



k=-l 
we obtain 



29 



which implies 

"^'^llL4((0,T),W^^-i°°(R)) - ^^^^^ 
and consequently, since h = , 



(4-62) ll«ll^4((o,^),H^.+§-i.oc(R)) 



oo oo 

^ E ii--^ii..((o,.),H^-f-i-(R)) ^ < +00. 

j=0 j=0 



5. Classical time pjirametrix 



In this section we take s > ^ and we prove the usual Strichartz estimates. The main 
step is, as before, the dispersion estimate. To do so, we seek a parametrix. The main 
difference with respect to the previous section is that (in the semi-classical framework), 
we are looking for a large (0(/i~^/^)) time parametrix. As a consequence, the lower order 
term Twdx induces oscillations. This is reflected in the fact that the new eikonal equation 
will be quasi-linear. 

We begin by an analogue of Theorem 4.1. 

Theorem 5.1. — Let x & Cq'{B) with suppx C : ^ < |.^| < 2} and to G R. For any 
initial data «o,/i = xihL>x)uo where uq G L^(R) iet us denote by S{t,to,h)uo^h '■= Uh the 
solution of 

(5.1) dtUh + liW^d, + dxW^h)Uh + ia{D.,)Uh = 0, Uh \t=to= "o,/^. 

Then there exists tq > such that for any < h < 1 and any \t — to\ < tq, 

C 

(5-2) \\S{t,to,h)uo,h\\L'=<=(R) < ^i/4|^ _ ^^|i/2 ll'"0,ft||Li(R)- 

According to Lemma 3.8, Theorem 5.1, the Duhamel formula and the same TT* 
argument as in Section 4, we deduce 

Corollary 5.2. — With the notations of Lemma 3.8, we have 

(5.3) ll^iA||L4((0,T),L°°(R)) = ll^i^^llL4((o,T),L°=(R)) < C2^''^~'''' Cj , Cj G f. 

In the remaining of this section, we shall prove Theorem 5.1. We need first to refine the 
constructions in Section 4 to handle large times. An important point in the construction 
of the phase function is that handling large times leads us to non linear geometric optics. 

Our parametrixe will be of the form (4.3), (4.4) that is, 

(5.4) Uh{t,x) = ^JJ e^Hm'-'^''^^-'^)B{t,x,z,^,h)uo,h{z)dzd^, 
where $ will satisfy the eikonal equation and 

(5.5) B{t,x,z,^,h) = B{t,x,^,h)(:{x - z - th-^a'iO), 
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where B will satisfy the transport equations and ^ € Cq^(R), = 1 if |s| < 1, C(s) = 
if \s\ > 2. 

5.1. Notations. — In this section we fix 

11 J X 1 1 
s > — and = T < -. 

2 .-I 4 

As before we shall set = h, where j G N and we shall work with the semiclassical 
time a = th~2 . 

In addition to the function x introduced in Theorem 5.1, we shall use two more cut-off 
functions Xj ^ C'q°(R), j = 1, 2, such that, 



(5.6) 



suppxi C : ^ < 1^1 < 3}, xi = Ion the support of x, 
suppxo C : ^ < 1^1 < 4}, xo = 1 on the support of xi- 



Recall that we have 

(i) W eL'^{[0,T],W'^^°°(R)),dtW eL°°i[0,T],W^''^{K)) (Lemma 3.5), 

(ii) VF^^ = 5[,(,_3)](Ty) satisfies d^W'^<Ca\\d^W\\^^, 



T o 



(iii) a(0=Xo(e)iei^ 

Definition 5.3. — For small ho,To to be fixed, we introduce the sets 
n = {{t,x,C,h)eR^ : (0,M,l*l <To,l< 1^1 <3} 
0= |((7,x,C,/i) gR^ : /iG {0,ho),\a\ Kroh'^,! < \C\ < 3| . 

If m and g G M"*", we denote by >S'™(f]) (resp.S^{0) ) the set of all functions f on Q, 
(resp.O) which are C°° with respect to (t, x,^) (resp.{a,x,(,) and satisfy the estimate 

(5.7) \d^fit, X, e, h)\ {reap. \d'^f{a, x,^M) < Co^h^-^", 
for all {t,x,(,,h) G O (resp.(a,x,(,,h) G O). 

5.2. The eikonal and transport equations. — In all this section we keep the nota- 
tions of (4. 11), (4. 12), and (4.17) to (4.23). 
The main result is the following. 

Proposition 5.4- — There exist a phase $ of the form 

$(i, X, h) = x^- h'haiO + h^^{t, x, h) 

with G Sg{Q) and an amplitude B G S^^) such that, with B defined in (5.5), 

(5.8) £o {ei^B) = ei^Rn. 
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< CNh^ \\uo,h\\L^(R), 



and for a// € N we have, 

(5.9) II J j emi'-'i''^)--OR^(^t,x,z,^,h)uo,h{z)dzd^ 
for all t in [0, tq] . 

Proof. — According to (4.23) we have, 

Aq = a{x,^ + h2dxi')h, 

3 

Ai = ^a{x,^ + h^d^'4})d^b+^{dl^)a'{x,i + h^d^'4})h. 

We deduce that Co{eTi'^b) = e^'^r with 

r = i\^h^datp- a{C) + a{x,C + h^d^i^) + hW^d^^ + h^^w(^bC 

+ h[d^h + a{x, i + h^d^i,)d^h + h^Wid^h + ^h^ {d^wi)h 



(5.10) 



M-l 



+ {dlij)a'{x, e + h2d,,p)b + ^Y.Ak}c + i^rj, 

k=2 j=l 

where ri,r2 are defined in (4.21), (4.22), r^ in (4.23) and 

h 



(5.11) 



^4 = - i -a 



A0 + h"2W^]bC. 



5.2.1. The eikonal equation. — As already mentioned, an important point in the construc- 
tion of the phase function is that handling large times leads us to non linear geometric 
optics. Namely, we determine V' by solving the following nonlinear problem, 

a(e + h-2d^ilj) - a(C) , , i ^^ _ w6r ' 



(5.12) 



hi 



+ h-^W'^^{h-2a,x)d^^ = -Wf^{h-^a,x% 



V(o,x,e,/i) = 0. 

In this system, ^ and h are seen as parameters. We begin by establishing that the solutions 
exist for a time interval of size /i~2 and satisfy some uniform estimates. 

Proposition 5.5. — There exists tq > such that the problem (5.12) has a unique 
C°° solution ip in the set O such that dxip and d'^ip are uniformly bounded on O by 
C(||(??, "0)11^00 ^s+i^j^^ ^sf^j^-^yl ^^6*^6 C '^'^ increasing function from R"^ to itself. 

Proof. Let us differentiate the equation (5.12) with respect to x and let us set ij^i = dxip- 
Then ■(/'i is solution of the quasi-linear equation 

(5.13) dail)i + A{a,x,h,^,il)i)dxtpi= B{a,x,h,i,il)i), Vi(0, x, /i, 4) = 0. 
where 

\ A{a,x,h,i,z) = a'{i + h-2z) + h-2Wl{hla,x), 

(5.14) <^ ^ ^ J 
yB{a,x,h,i,z) = -h2{dxWi){h-2a,x)z - i{dxWi){h2a,x). 
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We shall solve (5.13) by the method of characteristics. 
The characteristics are given by the system 

'a{s) = l, (7(0) = 0, 

(5.15) ix{s) = A{s,X{s),h,^,Z{s)), X{0) = x, 

^ Z{s) = B{s, X{s), h, Z{s)), Z{0) = 0. 

Since A is uniformly bounded and \B\ < Ci + C2\z\, the above system has a unique global 
solution (i.e defined for s G [0, +cxd[). 

5.2.2. Properties of the flow. — (i) We have, 

(5.16) 3to > 0,ci > 0,C2 > : ci < |X(s)| < C2, < s < ro/i"i 
We show first that 

(5.17) h'2\Z{s)\<CTo\\d,W\\L^exp{To\\d,W\\L^), < s < ro/j-i 
To sec this we integrate the equation satisfied by Z and use (5.14). We obtain 

(5.18) \Z{s)\ < C\\d^W\\L^Js\+h2\\d^W\\L^^ r \Z{a)\da, 0<s< ro/j-i 

' Jo 

Then (5.17) follows from the Gronwall inequality. 

On the other hand, setting m(s) = (s, X{s), h, ^, Z{s)), we have 

1 1 11 

Aim{s)) = a'{C) + h^'Z{s) / a"{^ + Xh^2Z{s))dX + h^W^ih^2a,X{s))da 

Jo 

where 

\R\ < roC(ro, \\d.W\\L^J\\a"\\L^ + hh\\W\\L^J 
Since for 1/2 < |^| < 3 we have |a'('^)| > 2ci > wc obtain 

\A{s,X{s),h,C,Zis))\>ci 

when < s < Toh~2^ (tq and h small enough). This proves (5.16). 

{a) We have, 

(5.19) \X{s)\ < /i5c(||9,H^||lc» + \\dtW\\L^^), 0<s< To/j-i 

Indeed let us set m{s) = {s, X{s),h,^, Z{s)). Then we have, 

X{s) = {dsA){m{s)) + {d^A){m{s))X{s) + {d,A){m{s))Z{s). 
Moreover we have, 

{dsA)im{s)) = hid,Wl)iah^,x), {d^A){m{s)) = h^d^Wl){ahKx) 

id,A){mis)) = a"iC + h2Z{s)). 
Then (5.19) follows from the expressions of X(s), Z(s) and (5.17). 
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(iii) We improve now (5.17). We have, 

(5.20) |Z(s)<c( J] ||5"W|UocJ, d=idt,d,). 

\a\<l 

Indeed we can write 

(5.21) Z{s) = f\d^Wi){ah\X{a))da - f\d^Wi){ah^,X{a))Z{a)da 

Jo Jo 

Now, using (5.16) we have, 

(5.22) iaM)(^ki , = ^'^^^ffi^r^ _ '■^(^''^'f-^W . 

X{a) X{a) 

After an integration by parts we obtain, 

Jo -^(s) -^W 

+ f l^^Wi{ah^,X{a))da-h^ f ^ldsWi){ah^,X{a))da. 
Jo {X{a)y Jo X{(j) 

Using (5. 16), (5. 19) we deduce that for < s < Toh~2 we have, 

\a\<l 

It follows from (5.21) that, 

\Zis)\ <C[Y1 ll^^^lUr.) + W'^-^hh-y^ f \Z{<7)da, 

\a\<l •'^ 

which using Gronwall inequahty proves (5.20). 

We are going now to give some estimates on the x-derivative of the flow. 
We claim that, 

(5.23) \^{s)\ + \^{s)\ < C( 115*1^11^^1,00 + \\W\\^.,^ ) < . < Toh"^ 

(5.24) ||^(5)_i|<l, 0<s<Toh~-2, 
ll^t^llvKi'°° + ll^llvK2.°°)) is small enough. 
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Indeed using (5.15) we can write, 



dX 



dx 



dZ , 



{s) = h-2{d,Wi){sh-2,X{s)) — {s) + h-2a"{i + h-2Z{s)) — {s), 



dx 



dx 



dx 



^{s) = -^{dlwl){shKx{s))^{s) - hl{dlwi){shl,X{s))^{s)Z{s) 



-hHd,w^)ish-2,x{s)) 



dz_ 

dx 



Prom the first equation we deduce 

dx 1 dX 1 d7 

(5.25) \ — ^s)\<l + hn{dM)\\Lr^.j^ \ — {a)\da + hna"\\L^ 

Prom the second equation we deduce, 
r dZ 



(5.26) 



dx 



{s) = Ii = h + h where. 



^1 = j\dlwi){ah^,X{a))^{a)da, 
h = -h^ j\dlwi){ah^,X{a))^Z{a)da, 
h = -h-2 J\d,Wi){ahKx{a))^da. 
We have easily, 

(5.27) \Is\<h-^\\d,W\\Lf^^J^\^{a)\da 
Moreover using (5.20) we get, 

(5.28) \h\ < hlc( \WW\\lA WIWWl^^ r \^{a)\da. 

|a|<l JQ OX 

We are left with the estimate of I\. We use (5.22) applied to 5a;W^.We obtain 
(5.29) 



d.[d.Wliah..Xia))]dX 
/o X{a) dx ^ ' 



(5.30) - h^i f 

Jo 

We see easily that 



{d^dsW^)iah-2,X{a))dX 



X{a) 



dx 



{a)da =:A + B. 



(5.31) 



\B\<Ch2\\dsd^W\\L^J^ \-g^i^)\d<7. 



,dX 
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Let us consider the term A. After an integration by parts one can write, 



X{s) dx X{0) 

da 



rs a-y- 

{d,Wi){ah-^,X{a))^( 



Xia) 



(X(cj))2 dx 

Using (5.24), (5.16), (5.19) and the equation satisfied by ^ we obtain 
(5.32) 1^1 < c(\\d,W\\L^^) (l + h'^ + • 

Using (5.26) to (5.32) wc obtain 



.dZ 



,-^{s)\<C{\\d^WUr^J 



dX 
dx 



+ 



dz_ 

dx 



so using (5.25) and the Gronwall inequality we obtain (5.23). 

Then coming back to the equation satisfied by we deduce 

—is) -1 <c {\\dtw\\^^^^,^ + \\w\\^^^. 



for < s < Toh 2 . Therefore taking tq small enough we obtain (5.24). 

5.2.3. Resolution of the eikonal equation. — We claim now that for all s in [0,ro/i~^] the 
map x ^ X{s,x) is & global diffeomorphism from R to R. Indeed we have for such fixed 

■5, 



X{s,x) = x+ [ A{a,X{a),h,^,Z{s))da. 
Jo 



Since A is bounded by ||a'||Loc. + \\W\\l'^_^ we have lim|j.|_j.+(^ \X{s, x)\ = +oo. Moreover 

by (5.24) we have, ^{s,x) 7^ for all < s < Toh~2 and all x G R. Therefore our claim 
follows from a well known result by Hadamard. Then 

(5.33) X{s,x) = y <^ X = Y{s,x), x, yGR, 

and the function (s, y) — >■ Y{s, y) is C°° by the implicit function theorem. Let us consider 
then the set 

S = {{s,X{s,x),Z{s,x), < s < To/l"5,X G R}. 

It follows from (5.33) that S* is a submanifold of R'^ of dimension two to which the vector 
field L = ^ + A{a, x, h, ^,z)-^ + B{a, x, h, ^, z)-^ is tangent. It follows then from (5.33) 
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that the function ipi{s, y, h, ^) = Z{s, Y(s, y)) is the solution of our eikonal equation (5.13). 
Then G L°°. Moreover we have 

SO, since ^ is bounded and from (5.24) we deduce, 



-\<c[\\dtW\\^,,^ + \\w\\^,,^). 



dy 

It follows that the solution if) of our eikonal equation (5.12) is such that 

uniformly in /i, ^. □ 

5.5.-^. Properties of the solution. — We investigate in this section futher regularity of the 
solution ip. 

Proposition 5.6. — Let ip be the solution of (5.12) given by Proposition 5.5 Then we 
have tp e L~(0),a^V e ^^(O),^^^' G S^{0). 

Proof. — The first two claims have been proved in Proposition 5.5, let us consider the 
third one. We shall prove that dxi>i G Sg{0) where tpi = dxip. Let us set for ^ < |^| < 2, 

(5.34) v{a,x,^,h) = dxM'^,x,^,h) - ^dxW^^{ah2,x). 

Then according to (5.13) the function v is solution of the equation, 

d^v + (a'(C + hhi)+h^W^)dxV + /i^a"(e + h^il^i^ 
(5-35) 1 1 f . 1 . 



where. 



(5.36) - h^^^w^diwi + /ii(-i^)2a"(^ + hhimwif 

+ 2/i^-^(a,W^,^)2 - /i5(a>,^)V.i. 

Let us set A = h^dx.We shall prove by induction on A; G N that, 

(5.37) A^v eL°°{0), 0<j< k. 
This will imply our claim since dxW^ G S^{0). 
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Notice that (5.37) is true for /c = by Proposition 5.5. Assume it is true up to the 
order k — 1. It follows then, using the Faa-di Bruno formula that, 

(5.38) A'[5(/i^Vi)] e h^^^L'^iO), 1 < I < k, 
for any C°°-bounded function b from R to R. 

Applying the operator A'^ to both sides of (5.35) and using (5.38) and the fact that 
d'^Wl G S^{0) for d = {dt,d,:),\a\ < 2,a (2,0) we find that A'^v is solution of the 

problem 

(5.39) {da + a'{^ + h^i)d^ + h^W^d^ + h^d{a,x,i,h))h.^v G /i5L°°(C»), 

where deL°°{Os). 

Let us set = {A''v){a,x + a'{^)a). Then is solution of the problem, 

(da + h^ J a"{^ + Xh^i)dXiiida: + h^W^d^ + h^d{a,x,^,h)^Vk&h^L°°{0), 

Then the desired conclusion follows from the following Lemma. 

Lemma 5.7. — Let ci,C2 be two real valued functions such that ci,dxCi,C2 belong to 
L°°{0) and P = da + hhi{a,x,^,h)dx + hh2{a,x,^,h). Then for any F e L°° (O) , the 
problem 

Pu = F, u\a=o = 0, 
has a unique solution u which satisfies the estimate 

\u{a,x,^,h)\ <C I \\F{s,-,^,h)\\Loom)ds, 
Jo 

for all {a,x,^,h) in O, uniformly in h. 

Proof of Lemma 5.7. — Let us set t = ah^ and Cj{t,x) = Cj{h^^t,x), j = 1,2. Then we 
are led to the problem 

Pu = h^F, S|(^=o = (t G [O,ro],x G R), 

where P = dt + ci{t,x)dx + C2(i,x). Recall that ci e L°°, d^ci e L°°,C2 G L°°. Then 
the claim of the lemma follows from the classical method of characteristics. Indeed, the 
characteristics are given by t{s) = s and 

X{s,x) = ci{s,X{s,x)), X{0,x)=x. 

Then x X{t,x) is globally invertible for each t G [0, tq] i.e. X{t,x) = y <^ x = Y{t,y) 
withy GC°nL°°. Then 

^ [u{t, X{t, x))] = C2{t, X{t, x))u{t, X{t, x)) + F{t, X{t, x)). 

Therefore u given by 

S(t,y) =exp j\2{t',X{t',Y{t,y))dt'^ F{t' ,X{t' ,Y{t,y)) dt' 

is our solution. □ 



38 



Corollary 5.8. — Let tp be defined by Proposition 5.5 and L be the operator 

(5.40) L = d„ + a + h^dx'4))dx + /i^diO^ + h^d2, 
where di,dxdi,d2 are real valued and belong to S'^(C'). 

Then for any F such that ||A-^F||^oo(0) is finite for every j € N, the problem 

Lu = F, u\a=o = 0, 
has a unique solution which satisfies the estimate, 

k 

(5.41) \A''u{a,x,C,h)\ < CkaJ2\\^'F\\L^iO), 

j=0 

for all {a,x,^,h) G O, where A = h^dx. 

Proof. — Since by Proposition 5.6 we have 9^^^ ^ Sg{0) one can write, 

L = da + a'{$,)dx + h^dsOxi/j + h^d2. 
where d^,dxdz,d2 belong to S^{0). Setting 

U = u{a,x + aa' {C)^i^h), ci = d^ia.x + aa' {^),i,h), 
C2 = d2{(T,x + aa'{^),^,h), 

we see that ci,dxCi,C2 belong to Sg{0) and ?7 is a solution of the equation 

(5.42) LiU := {d„ + h^cidx^ + h^C2)U = Fi. 

We shall prove by induction on k that U satisfies the estimate (5.41). The case /c = 
follows immediately from Lemma 5.7. Assume now that (5.41) is true up to the order 
k — l,k >1. By the Leibniz formula we have 

LA^U + kh^{dxCi)h^U = -h^ {.\{A^-'ci)K'dxU 

fc-i 



i=0 ^ ^ 



(A'=-*C2)A*C/ + A*Fi := G^. 



The sum in the first line can be written, -h^ YliZi ^ ^ {h^-'dxCi)K^U. According to 

our assumptions on ci, C2,we can apply the Lemma 5.7 to the operator L + kh^ {dxCi).We 
obtain, using the induction and the fact that h2a < tq, 

k-l 

\A''U{a,x,C,h)\ < aWA'^FUoo^o) + CaY, l|A^F||ioc(o), 

j=0 

which completes the induction. □ 
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Proposition 5.9. — Let A = h^dx- The solution of (5.12) given by Proposition 5.5 
satisfies the estimates, 

(5.43) 1 

\h^dl^{a,x,iM<CkToh--^a, 

for all (a,x,£,h) € O, where C depends only on 11(77,-0)11 , .4_i. . . 

Proof. — Differentiating (5.12) witli respect to ^ we find tliat U = d^ip satisfies tfie 
equation 

/■I 

(5.44) daU + {a'iC + h^dxtP) + h^Wi)dxU = -{d^i^) / a"{i + hhdx^p)dX - W^. 

Jo 

Tlien tlie estimate of tfie first term in tlie first line of (5.43) follows from Corollary 5.8. 
To estimate the second term wc differentiate with respect to ^ the equation (5.13). We 
find that the fuction Ui = d^ipi = dxd^ip satisfies the equation 

daUi + (a'(e + hhi) + h^Wl)dxUi + h^a"{C + hhi)dx^iUi = -d^Wl 

The second estimate in the first Hne of (5.43) follows from Corollary 5.8. Finally to 
estimate U2 = d^ijj we differentiate (5.44) with respect to ^ and we find that U2 satisfies 
the equation 

daU2 + (a'(C + h'^dx^) + h^Wl)dxU2 = F 

where 

F = -h^{dxd^ipfa"{i + h^dx^) + {dxd^i^)a"{i + h^dxi^) 

a"{i + hldxi^)-a"{0 



+ 



h^ 



So using the estimate on dx'^l^ and dxd^tp obtained before, we deduce from Corollary 5.8 
the last estimate of (5.43). □ 

5.2.5. The symbol equations. — According to the formulas (4.18)-(4.23), since the phase 
il^ now satisfies the eikonal equation (5.12), we are lead to solve the following transport 
equation 

dab + a'(C + h^dx^)dxb + h^W^dxb - h^{dli))a"{^ + h^dxi^)b 
(5-45) 1 1 , 

+ ^h^dxWi)b = --Y.^u, 

k=2 

with 

(5.46) 6U=o = Xi(e), 

where xi € C'q°(R) is equal to one on the support of the function x given in Theorem 5.1. 
Let ^ 

Mo = 7: - 2(5, 
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where we recall that 6 < 1/4. 
Let us set 

(5.47) A = h^d^. 

Then according to (4.23) and the Leibniz formula one can write 

(5.48) -Ak = h'^^'-'^-' CkMih'dy)'-'^ [idla)ipi{x,y))\ \ ^^^k^^h, 

fci=0 

where Ck,k^, £ C. 

We shall take h of the form 

M 

(5.49) 6 = Xi(0e', B = Y,Oj, ej = h^'''^9j. 

Then A^^b is a finite linear combination of terms of the form 

(^A°Oe^°) . . . (^A^Mg^Mj ^ ao + --- + aM = ki. 

Let 

LO = {ae N*^+^ : |a| = h} , 

and, for < p < M, 

ojp = {a € uj, a = (ao, • • • , ap, 0, • • • ,0) with ^ 0} . 
Then co is the disjoint union of the ojp. It follows that 

^ ~ ~ / ^ _ \ 

(5.50) A^^ife = E E ^f." (A"°e^») • • • (A"^e^-) exp ^ ' '^"-f ^ ^ 

Now by the Faa-di Bruno formula we have for < £ < M, 

(5.51) A^^^e^^ = e^^ Yl ^st 

s=l 

where Eg^e is a finite linear combintation of terms of the form 

s s s 

Y[ (^AP^de) where 1 < ^ < «^ E 

i=l 1=1 1=1 

Since X;|=i % > 1 and p(p + l)/2 > p, it follows from (5.50) and (5.49) that 

_ M 

(5.52) A^'^6 = J] Gp^ (/i, A^^^^o, • • • , A^-^^) , 

P=0 |/3|<fei 

where Gp^p{h,C,Q, . . . ,C,p) are bounded in /i and polynomial in Q. Coming back to (5.48) 
we remark first that since k>2 and /xq = ^ — 25 > we have 

(5.53) A;(l - 5) - 1 > 2(1 - 5) - 1 = ^ + /xq. 
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Let us note that this is the only point where we use the fact that 6 < 
On the other hand we have, 

(5.54) (/i^9,)^-^i[(a|a)(p((x,y))" 



I e Si 

I y=x 



It follows then from (5.48), (5.52), (5.53), (5.54) that for A; > 2 

-. M k 

(5.55) l^k = h^Y.Y. E h^''^'-^^^hMHp,p{Kk^°e^,...,A^^e^)e^, 

p=0 fci=0 |/3|<fei 

where fk^ki € Hp^p{h^ Co) • • • ) Cp) bounded in h and polynomial in Q. 
Let us denote by L the linear operator appearing in (5.45), 

(5.56) L = da + a'{^ + h^d^tP)d^ + h^W^d^. 

Since b = with 6 = Y.p=Q hP''°9p we have Lb = e^LO. It follows from (5.55) that the 
transport equation (5.45) can be written, modulo a remainder, 

Le,-h^{{dli:)-\{dM)} 

+ h^"^^^"" [lOp+i - h^GpiOo, . . . , 0p)) = 0, 

p=0 

where Gj{6o, . . . ,6p) are polynomials in A^^Oi for < A^. Therefore we shall take for 
^P)0<p<M — 1, the solutions of the problems 



(5.57) 



2 

t LOp+i = h^Gp{eo, . . . , 9p), ep+i\a=o = (0 < p < M - 1). 
We have the following result. 

Proposition 5.10. — Let K = h'^dx- Then (5.57) has a unique solution {9i, 9m) such 
that for < p < M and all integers /c € N, 

\A'9pia,x,i,h)\ < Ck, \A''d^epia,x,i,h)\ < C^h-'a, 

(5.58) 1 
\A'^dl9p{a,x,^,h)\<Ckh-2-^'a. 

Proof. — We proceed by induction on p. If p = 0, the estimate of the first term in the 
first line of (5.58) follows immediately from Proposition 5.6 and Corollary 5.8. Now d^9o 
is solution of the equation 

Ld^9o = h-2{{d^dliP)a"{^ + /i59,V) + (5'v^)(i + hhd^d^^)a"'{^ + h-2dx^)} 

(5.59) ^ ^ 

- (1 + h2d^d^^)a"{C + h2dx^p)dx9o := Fo. 

It follows from (5.43) and the first estimate that ||A-^Fo||j^oo(c') < Cjh~^. Using Corollary 
5.8 we obtain the estimate of the second term in the first line of (5.58). To estimate d^9o 
we differentiate one more time the equation (5.59) and we find using the same arguments 
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that Ldpo = Fi where Fi satisfies, ||A^'Fi ||L°°(e)) < Cjh~''~^^ 
in the second hne of (5.58) follows the from Corollary 5.8. Assuming that (5.58) is true 
up to the order p the estimate 9p+i follows from the second equation in (5.57) and the 
induction. □ 

It follows then from (5.10), (5.12), (5.45) and (5.57) that 

5 

(5.60) r = ^rj, 

i=i 

where ri,r2,r3,r4 are defined in (4.21), (4.22), (4.23), (5. 11) and 

r, = /ii/i(^+i)^»GM(^o,..,^M)xi(OA- 

□ 

5.2.6. End of the proof of Proposition 5.4- — Since we have 

with c = = e^v=o^^''°^p g S^iS^) the same arguments as those used in section 4.1.1 give 
the proof of (5.9). 

5.3. The stationary phase lemma. — In the sequel we will use the following ele- 
mentary version of the stationary phase inequality where we allow complex valued phase 
functions. 

Lemma 5.11. — For any real numbers a,f3,h,p such that 

a</3, 0</i<l, p>0 
and for any functions 4> £ C^([ci, /?], C), p € C-^([a, /?], C) such that 

G [a,/3], |lm</>(0| < h, |lm0"(e)| < p, | < Re (,^"(0) < p, 

we have 



jym)p{^)dC < (^8\\pU^+2j^\p'{0\ dC^ 



h\^ 



Proof. — Notice that we can assume that p > h (otherwise, the conclusion is straightfor- 
ward). Notice now that, using the monotonicity assumption of the real part of the phase 
<p, we can decompose the interval (a, /3) into the disjoint union of at most three intervals 

(a,/3) =/iU72U73, 
where Ii, I2 or J3 are possibly empty and satisfy 

Ve G h, Re(0'(O) < -{ph)^/\ 

Ve G h, - {phf/'' < Re(</.'(6) < {ph)'^^ 

Ve G h, Re(0'(O) > (P^)'/'. 
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Let us first study the contribution of I^- Either 
for some 5 G [a,P[. Then, using that 

h 

WW) 

and integrating by parts, we obtain 



or Is is an interval contained in 



(5.61) [emMm-[-^^em^ml^ 



^ '^(O h 
e h 



Clearly, the contributions of the two first terms are easily handled by means of the lower 
bound on Re((?i)'(^)) on I3, and to conclude, it suffices to bound the last term. But according 
to the assumption on the phase, we now have 



Re(<^'((^)) > iph)'/' 
and consequently, the last term is bounded by 

4/1/9 



WPWl- 



2h\\p\\j 



where the last inequality is obtained by a straightforward computation. 

Now, of course, the contribution of Ii is dealt with similarly, and consequently we can 
focus on the contribution of l2- Now remark that according to the assumptions on the 
length of I2 is smaller that 4(/i/p)^/^, which implies 

//l\l/2 



This completes the proof. 



□ 



(5.62) 



5.4. End of the proof of Theorem 5.1. — As in the preceding section we have 
' S{t,0,h)uo^h = Di + D2 + D3 where Di = Uh{t,x), 

rt 

D2 = -S{t,0,h)vo,hix), D3 = - S{t,s,h)[Fh{s,x)]ds. 
\ Jo 

The terms D2 and are estimated exactly as in section 4.3 while Di will be estimated 
differently using Lemma 5.11 instead of Van der Corput Lemma. Indeed recall that ac- 
cording to (5.5) and (5.49) our amplitude in the parametrix (5.4) is given by 

bia,x,z,th) = Xi(6e'~^"'"'''^''^^C(^ - z - aa'(O). 

The new fact here is that we shall glue the term with the phase and apply the 
Lemma 5.11 with the new phase (p — + j9. Using (5.4) we can write in the variable 
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-Di=y K{a,x,z,^,h)uoh{z)dz, 
zTrh J 

Therefore we shall apply the Lemma 5.11 with, 

( h~ 1 

(j) = ip{a, X, ^, h) - + -TO{a, x,^,h), = x^ + aa{^) + h'^ipia, x, ^, h), 

' P = Xi{OC{x-z-aa'{0), 
^ p = Ca, C >0. 

Let us show that all the hypotheses in this lemma are satisfied. For this we shall use (5.43) 
and (5.58). First of all, since 6 g]0, |[ we have, 

I Im0| = ^1 Im^l < Ch, |5| Im0| < < Chh-^-'^^a < a. 

Moreover, 

|5|Re(^| < \a"{^)\a + h^dl^\ + h\dle\ < Ca. 

Finally, 

|Re(^| > |a"(^)|c7 - - h\dl9\ > |a"(Ok - CiToct - Cs/i^-^^^^ > c^a, 

if To and h are small enough. 

It follows the from Lemma (5.11) that, 

\K\<Ch-^(^^y{l+ / a\a"mC'{x-z-aa'iO\dC]. 

Since the last integral is bounded by C J \C'{t)\dt, we deduce that the term Di satisfies 
the estimate (5.2) which completes the proof of Theorem 5.1. 



6. Back to estimates for {rj, tp) 

Notice that up to now, we only proved estimates for the dyadically localized functions 
AjU. In this section, we shall show how we can recover estimates for {r],ip), the solutions 
of the water-wave system (1.4). Recall that the Besov space B^^ ^ is defined by 

u G i?^,2(R-) ^ E 2'"' IIA.^Ilioo < +00. 
We will use the following elementary lemma 

Lemma 6.1. — // the symbol a G , then the operator Ta is bounded from 2(^) 
We have the slightly stronger result (compared to Theorems 1.1, 1.2) 
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Proposition 6.2. — Let I = [0,T]. Under the assumptions of Theorem 1.1, there exists 
e > such that 

(6.1) (r?,V) G L\l,B'--t'^^\K) X <^'(R)). 
Under the assumptions of Theorem 1.2, we have 

(6.2) (r/,V) G L\l,B'-"fh^) x C7(R))- 

Notice that Theorem 1.1 follows from the first part in Proposition 6.2, using that, 

5^+|(R) C W-'^{K). 

On the other hand, using complex interpolation theory (see [9, Theorem 6.4.5 (6)]), we 
have, with q>2, (since H''^ = 5^^), 

[BZ2,H''-h- = C W^^^, a = (1 - l)ar + -a2. 
Taking (Ti = s — | and o"2 = s we obtain = s — ^ + It follows that 



It follows that, with {p, q) satisfying | + | = 55 2<g< +cxo, we have 

which implies Theorem 1.2 (the estimate for r] being similar). 

Let us now turn to the proof of Proposition 6.2. For conciseness, we will only 
prove (6.2), the proof of (6.1) being similar (easier). Recall that the function u is ob- 
tained from [rj, ip) through the following steps: 

1. u = Tgig^*, where the function g is real and satisfies dxg G 3 (which implies 
e^SGrO_i). 

2. = where (see (3.12)) k € L°°{I,W'^^'^{'R)). 

3. <I> = TpT] + iTc^U, with p G s]^^^ is an elliptic symbol and ci = (1 + ((?^?7)^)~2. 

4. U = ^p- T^^sV, where <B G L°°(/, F*-i(R)) is defined in (2.7). 

Step 1: Starting from Corollary 5.2, we have 

\\u\\ ,_i < +00 

According to the symbolic calculus, since e*^ G Fq, we have 

U = Tg,9$* ^ = Te-igU + R-i{^*) 
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where is of order —1 (i.e. bounded from if''(R) to H^~^^(Ii)) . Since 

5^ 2(1^) it follows from Lemma 6.1, the boundedness of $* in L°°(/, iJ'^(R)) that 

||$*|| ,_i < +00. 

"l4(7,B^_|(R)) 

Step 2: We have 

$* = $ O AC = + Ta^cE-oK^ 

Notice that o n G L°°{I x R) and dxK G L^{I, H^~^). As a consequence, Tq^^ok^ & 
L°°{I,H'+^) c L°°{I,B^ 2)- We deduce from Step 1 

11$ o k\\ ,_ 1 < +00. 



We conclude that 



l^ll s-i < 

L4(/,S^^|(R)) 



by using the following lemma (with x = k ^,r = s — | and r < cr < s). 

Lemma 6.3. — Let a > 1. Consider % such that dxX ^ W^~^'°°(R). Then, for any 
< r < a, the map u 1-^ uo x is continuous on 

Indeed, a simple calculation shows that for any p < a, the map u 1-^ uox is continuous 
on and we conclude by choosing ri < r < r2 < a with rj ^ N (notice that this 

implies W'^*'°° = B^^^) and using the real interpolation result (see [9, Theorem 6.4.5 (1)]) 

[B2,oo, 5S,oo]e,2 = i?;o,2, r = il- 9)n + 9r2. 
Step 3: Separating real and imaginary parts, we obtain 

_ 1 

and the same proof as in Step 1 (using that p is elliptic, s — | > 1 p~^ G ^ ^^'^ for 
fixed t, c^^{t, .) G VF^'°°(R) C T?) gives 



,_i + i +\\U\\ <+oo. 

Step 4- We have ip = U + Tt^r]. So using the boundedness of r] in L°°(7, i?*~'~2 (R)), 
of 05 in L°°{I,H^~^{'R)) C L~(/ x R) and Sobolev injections, we obtain, 

which completes the proof of Proposition 6.2 and consequently of Theorems 1.1 and 1.2. 
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7. Appendix 

In this section we give a proof of (4.18) to (4.22). 

Let a G C^(R) with suppa C {|^| < Co}, 6 G C^(R) and (p G C°°(R) real valued 

d<fi , 
dx ' 



such that sup |f^(a^)| < Cq. Let us set 



(7.1) / = e-t^(^)a(/iL>)(6et^)(x). 

We have 

I = (27r/t)-^ J j e:^«^-^)^+<^(^)-'^(^))a(OKy)f^yf^C- 
Moreover we can write 

(' ^ dip 

ip{x)-ip{y) = {x-y)p{x,y), p{x,y) = —{Xx + {l-X)y)dX. 

We have \p\ < Co so, setting rj = ^ — p{x, y) we obtain, 

/ = (27r/t)-i J j et(^-2')''/co(?7)a(r? + p{{x, y))h{y) dydr] 

where kq G Cq°(R) is such that xo(77) = 1 if |r/| < 2Co. 

Using the Taylor expansion of the function a at the point 0{x,y) we obtain I = Ii + Ri 
where, 

M-l 

h = {2nh)-^ Yl ^Jj v''e^^^^-y^^Ko{v)a^'HO{x,ymy)dydri 

k=0 

and, 

Ri = CMh-' J I rj'' e^Koiv) j\l - A)^-^aW(Ar? + p((x, y))b{y)dXdydv. 

Now we have rf' ei.^^"'^^'^ = (— j5y)'^e^(^~2/)^^ gQ integrating by parts in the integrals Ii 
and Ri we obtain, 

M-l 



Ii = {27rh)-' E 4n // e^(^-^)''«o(r?)5,^[a('^)(^(x,2/))6(y)]dyd7? 
fc=o ^ ' 

h = {2'Kh)-' E /io(^)a,^[a('=)(e(x,y))6(2/)]dy, 



fe=0 

1 



R, = c'h^-' JJJ^ e^/.o(r?)(l - A)^-i5f [aW(Ar? + p((x, y))b{y)]dXdydv. 
Let us set 

/(x,y) = 5^[a«(e(x,y))6(y)]. 
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Now we set in the integral, x — y = hz and we write, 



f{x,x-hz)= ^ ^—^(dlf){x,x) 

3=0 ^' 

+ J\l - A)^-H5f - Xhz)dX. 

Then we use the foUowing equaUty, which reflects the fact that kq is equal to one near the 
origin. For j G N we have, 



z^ kQ{z)dz = 27r6j^o, 
where Sj^ is the Kronecker symbol. It follows that, 

k=0 

where R2 = E^o^ Ckh^^^rk with 



Thus we obtain (4.18) to (4.22). 
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